A computerized approach for analyzing the tolerances in disk cam mechanisms with a flatfaced follower is presented in this paper. Based on the simulated higher-pair contact analysis, the kinematic deviation of the follower motion caused by the tolerance amount of each design parameter can be determined numerically. The method is validated by means of analyzing the case of an eccentric circular cam mechanism; such a case has an exact solution of the follower motion error. Compared with the exact solutions, the presented computerized approach is demonstrated to be able to provide excellent accuracy and sufficient efficiency no matter how large the level of the tolerance is. Then, both the offset translating oblique flat-faced follower and the oscillating flat-faced follower cases are given to illustrate the presented method. The presented computerized approach and the obtained results can be helpful for tolerance allocation tasks of disk cam mechanisms with a flat-faced follower.
INTRODUCTION
The cam mechanism, basically consisting of a frame, a cam and a follower, provides a simple and reliable means of controlling valve timing and lift in automobile engines. The cam usually rotates continuously to drive the follower by direct contact (i.e. higher-pair contact) for generating prescribed follower motion program with respect to the cam rotation angle (or time). Since the cam mechanism is a direct-contact mechanism, in high-speed machinery, even slight deviations in cam contour may still produce excessive noise, wear and vibrations [1] [2] [3] . To maintain high quality and performance, strict control of tolerance amounts in a cam mechanism is necessary, although this induces high manufacturing and assembly costs at the same time. Therefore, a compromise simultaneously considering tolerance, cost and operating performance is quite essential for cam designers and manufacturers.
In order to achieve reasonably acceptable performance of cam mechanisms, sufficient accuracy of the cam contour and consequent close tolerances must be considered in the design phase. From the viewpoint of design for manufacturing and assembly (DFMA) [4, 5] , the tolerance of the cam profile and that of each design parameter should be specified at the largest (or optimal) values to make the components in a cam mechanism be fabricated easily. The specified tolerance combination should also meet the operating or functional considerations of the follower output. To this end, theoretical correlation between tolerance level of each design parameter and the follower motion deviation must be established. Such a mechanism tolerance analysis [6] , also known as the mechanical error analysis [7, 8] , which involves mathematical modeling and computerized computation, is one of the fundamental tools of optimal tolerance design for cam mechanisms. Through the tolerance analysis, expensive and time-consuming experiments for deciding the optimal tolerance amounts in a cam mechanism could be superseded.
A variety of analytical approaches have been introduced for the tolerance analysis of various types of cam mechanisms [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Rao and Gavane [9] , as well as Rao [10] , considered the tolerances of cam profile and other design parameters as random variables, and then employed a stochastic approach for evaluating the actual kinematic and dynamic response of the follower output. Chiu et al. [11] applied the principle of the offset curve of a plane curve to perform the influence analysis of manufacturing and assembly errors of disk cam mechanisms. Zhang and Wang [12] adopted the sensitivity analysis to derive output error equations of a disk cam with an offset translating roller follower while the error was assumed to be caused by the tolerance of the cam profile and those of other design parameters. Cheng [13] also adopted the sensitivity analysis to derive output error equations of a globoidal cam mechanism for further performing its optimal tolerance synthesis. Valentini [14] used the sensitivity analysis to assess the influence of mechanical errors in spatial cam mechanisms that are used in vehicle robotized gearboxes. Wu and Chang [15] [16] [17] , employing the concept of equivalent linkage, proposed an analytical method for analyzing mechanical errors in disk cams with either a roller follower or a flat-faced follower. Chang et al. [18, 19] then used the equivalent linkage method [15] [16] [17] to perform the conjugate condition analysis of assembled conjugate disk cams with measuring fixtures. These approaches can provide a valuable source of idea for this analysis. Nevertheless, most of them are based on the sensitivity analysis and Taylor series and may lose accuracy when considering a large level of manufacturing and assembly tolerances (or errors) exists in a cam mechanism [17] . Litvin [20, 21] developed a computerized methodology termed tooth contact analysis (TCA), based on the higher-pair contact simulation and the theory of gearing, for numerically determining contact conditions and kinematic errors of gear mechanisms. Such a simulated higher-pair contact analysis has been widely applied to evaluate the effects of manufacturing and assembly errors on various types of direct-contact mechanisms [22] [23] [24] [25] . The advantage of this computerized methodology is that it can maintain sufficient accuracy no matter how large the level of the tolerances is. By adopting the concept of simulated higher-pair contact analysis, Chang and Wu [26] have developed a computerized approach for analyzing tolerances in disk cam mechanisms with a roller follower. The developed computerized approach, as well as the TCA, is in essence a numerical approach, rather than an analytical approach, to simulate follower motion errors caused by tolerances in the design parameters. Numerical iteration schemes are involved in the simulation. Because it deals with much computation, computers must be applied as necessary analyzing tools. However, as compared to roller followers, flatfaced followers could be a simpler and more inexpensive choice for industrial applications. For this reason, most automobile engines nowadays use poppet valves, which are spring loaded closed and pushed open by overhead cams with a flat-faced follower attached to the valve stem [27] . Therefore, it is necessary to further develop a computerized approach for analyzing the tolerances in disk cam mechanisms with a flat-faced follower.
This paper, still adopting the concept of simulated higher-pair contact [26] , demonstrates a systematically numerical approach for analyzing tolerances in disk cam mechanisms with a flatfaced follower. With the aid of the parametric expressions of the cam profile and considering variable radial profile errors, the equations of tangency [20, 21, 26] especially for disk cams with either a translating or an oscillating flat-faced follower are derived. In order to verify the accuracy and efficiency of the presented method, an eccentric circular cam mechanism that has an exact solution of the follower motion error is analyzed for comparison. Then, both the offset translating oblique flat-faced follower and the oscillating flat-faced follower cases are given to illustrate the presented method. In these illustrated cases, quantitative analysis and comparison of tolerance effects on translating and oscillating flat-faced follower cases are performed. The presented numerical approach as well as the quantitative analyzing results may help cam designers and manufacturers in properly allocating tolerances in disk cam mechanisms with a flat-faced follower.
PARAMETRIC EXPRESSIONS FOR THE CAM PROFILE
In order to undertake the tolerance analysis of disk cam mechanisms with a flat-faced follower, the analytical expressions for the theoretical cam profile should be derived first. The profile of a disk cam can be determined through the concept of velocity instant centers [15] [16] [17] [28] [29] [30] . For quick review and easy reference, the analytical approach for determining disk cam profiles parametrically in terms of the cam rotation angle is provided below [15] [16] [17] 28, 30] . Here, disk cams with either an offset translating oblique flat-faced follower or an oscillating flat-faced follower are demonstrated. Figure 1 shows a disk cam mechanism with an offset translating oblique flat-faced follower, which is a general form for actuating poppet valves of engines. By setting up a Cartesian coordinate system X-Y fixed on the cam and with its origin at the fixed pivot O 2 , the cam profile coordinates may be expressed in terms of the cam rotation angle h, which is measured against the direction of cam rotation from the reference radial to cam center parallel to follower translation. The cam is to rotate clockwise with a constant angular velocity of v 2 rad/s. For simplicity, in the following, the frame will be consistently numbered as 1, the cam as 2 and the follower as 3. By labeling instant center I 23 as Q and O 2 Q 5 q, where 'I' denotes the instant center and subscripts indicate the related links, the parametric vector equations of the theoretical cam profile coordinates are [16, 17] 
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where
QA~L(h) cos w{(q{e) sin w
in which, w is the oblique angle of the follower (i.e. the invariant pressure angle), e is the offset and L(h) is the linear displacement function of the reference point P of the translating follower:
where r b is the radius of the base circle and S(h) is the linear motion program of the follower; S(h) is also known as the cam displacement function [1, 2] . (The quantity w is positive if the follower face is counterclockwise oblique from the horizontal; in the position shown it is positive. Also, since the cam is to rotate clockwise, the quantity e is negative if the offset is to the right; in the position shown it is positive.) The common normal at the contact point A must always pass through points Q (I 23 ) and A [16, 17] . Therefore, the unit normal vector to the theoretical cam profile can be expressed as Figure 2 shows a disk cam mechanism with an oscillating flat-faced follower. In this case, f represents the distance from the cam center O 2 to the follower pivot point O 3 (which is also the reference point of the oscillating follower) and e represents the follower face offset from the follower pivot point. (If the follower face is offset from the pivot point towards the cam center, it is negative. The quantity e is positive in Fig. 2. ) By setting up a Cartesian coordinate system X-Y fixed on the cam and with its origin at the fixed pivot O 2 , the cam profile coordinates may be expressed in terms of h. By labeling instant center I 23 as Q and O 2 Q 5 q, the parametric vector equations of the theoretical cam profile coordinates are [16, 17, 28] 
Disk Cam with an Oscillating Flat-Faced Follower
in which, j(h) is the angular displacement function of the follower:
where, r b is the radius of the base circle and S(h) is the angular motion program of the follower; S(h) is also known as the cam displacement function [1, 2] . The common normal at the contact point A must always pass through points Q (I 23 ) and A [16, 17] . Therefore, the unit normal vector to the theoretical cam profile can be expressed as
Radial Dimension Error of the Cam Profile
In practice, the profile accuracy of a machined cam may be controlled through a properly specified tolerance of the radial dimension of the actual cam profile [15] [16] [17] [18] [19] 26, 31] . That is, the radial dimensions of the actual cam profile must lie within a specified zone along the ideal profile. Since the actual profile of a machined cam may deviate from its theoretical profile, undesirable kinematic error of the follower will thus occur. Figure 3 shows a cam in contact with its flat-faced follower; the theoretical cam profile is shown in solid line and the actual cam profile in dashed line, while the profile deviation is exaggerated for clarity. At the theoretical contact point A, the normal to the cam profile intersects the actual cam profile at point A n , line O 2 A intersects the actual cam profile at point A r . Thus, Dr 5 AA r and Dn 5 AA n are the radial profile error and normal-direction error of the cam profile, respectively. (The quantity Dr is negative if the actual cam profile is smaller than the theoretical one; in the figure shown it is negative.) For a qualified machined cam, the magnitude of Dr must be less than a specified value (or tolerance). It is conservative to assume that the magnitude of Dr always equals the admissible extreme value and is either a constant or a function of the cam rotation angle h. Then, if the variable radial profile errors Dr(h) are specified, the parametric vector equations of the actual cam profile coordinates are
where R T (h)~O 2 A is the parametric expression of the theoretical cam profile, as referred to those shown in Eqs.
(1) and (6) . By applying the differential geometry, the unit normal vector to the actual cam profile is where k is the unit vector of the Z-axis (the axis of cam rotation), and
where R' T (h)~dR T (h)=dh is the tangent vector to the theoretical cam profile and Dr'(h)d ½Dr(h)=dh is the differentiation of the radial profile error. Because the analytical expressions of R' T (h) and Dr'(h) may be complex, a numerical algorithm to compute them can be utilized.
SIMULATED HIGHER-PAIR CONTACT AND TOLERANCE ANALYSIS
The simulated higher-pair contact analysis is to simulate the meshing and contact of two rigid body surfaces with localized point contact at every instant [20, 21] . It can also provide a valuable source of idea for analyzing the tolerance in disk cam mechanisms with a flat-faced follower. Figure 4 shows tangency of mating 3-D cam and follower surfaces, in which a Cartesian coordinate system X-Y-Z is fixed on the cam, with its origin at the fixed point O 2 ; O 2 Z is the axis of cam rotation. The position vectors R C and R F indicate cam and follower surfaces, respectively, represented in coordinate system O 2 -XYZ; n C and n F express surface unit normals of cam and follower, respectively, represented in coordinate system O 2 -XYZ. In order to be in continuous tangency, the position vectors of cam and follower surfaces must coincide at point A* and their unit normals must be collinear [20, 21] . Here, the actual contact point A* may not coincide with the theoretical contact point A (not shown in the figure) when manufacturing and assembly errors are involved. Then, the necessary and sufficient conditions for the existence of point A* are The unit normals n C and n F are both perpendicular to the common tangent plane. From Eqs. (15) and (16), the equations of tangency are
Fundamentals of the Simulated Higher-Pair Contact Analysis
The directions of unit normals n C and n F either coinciding or being opposite each other may still insure the tangency of cam and follower surfaces. To consider this situation, Eq. (18) can be replaced by [26] n C |n F~0 (19) Then, with the aid of parametric expressions of R C , R F , n C and n F , the contact point of the cam and follower surfaces can be numerically determined by solving the equations of tangency. For disk cam mechanisms, the simulated contact analysis can be simplified to a planar case (in the XY plane), so-called planar gearing analysis [20] . To obtain the equations of tangency, parametric expressions of R C , R F , n C and n F should be derived first.
Parametric expressions for R C and n C
Recall from Sub-section 2.3 that R R (h) and n R (h) can be derived analytically while taking the radial dimension error (or tolerance) of the cam profile, Dr, into account. In fact, if any manufacturing or assembly error exists in a cam mechanism, when the cam rotates h degrees to a specified angular position, the position vector of the contact point A* at the machined cam profile, expressed as R C (h), may be determined by [26] 
This equation means that when the cam rotates h degrees to a specified angular position, a parametric value h*, instead of h, should be substituted into Eq. (12) to calculate the position of some point A r ; meanwhile, this obtained point A r will be the actual contact point A* with corresponding cam rotation angle h. In other words, h* is a ''pseudo cam rotation angle'', or an estimated angular parameter, for determining a cam profile coordinate that may coincides with the location of contact point A* by using some iteration methods. Thus, h can actually be referred to the rotation angle of the camshaft, while h* is only a relevant corresponding angular parameter for programming. The correlation of h*5h*(h) exists implicitly [20, 21] and can be numerically determined by applying the equations of tangency (see Sub-section 3.4). Hence, the position vector R C at the cam surface and the unit normal vector n C to the contact point A* in terms of the cam rotation angle h can then be expressed as [26] 
If the cam mechanism is without any manufacturing or assembly error, then h*5h.
Parametric expressions for R F and n F
To derive R F and n F , the locus of the follower profile, a straight line, relative to the Cartesian coordinate system fixed on the cam should be determined first. To this end, two additional parameters y* and u* are required. The parameter y*, being the actual follower displacement, represents the actual linear displacement L* or angular displacement j* for translating or oscillating followers, respectively. The parameter u* is a length parameter paralleling the follower face to aid the calculation of the distance between the actual contact point A* and the reference point of the follower. After the position of the reference point and the orientation of the follower have been determined by using the actual follower displacement y* and other known design parameters, the coordinates of any point of the follower contour (a straight line) can be further described by the length parameter u* with vector loop equations. When taking the known tolerance amount in each design parameter of the cam mechanism into account, the parameters y* and u* are functions of the cam rotation angle h and can be solved numerically (see Sub-section 3.4). Hence, the position vector R F at the follower surface and the unit normal n F to the contact point A* in terms of the cam rotation angle h can then be expressed as
3.1.3. Equations of tangency Substituting Eqs. (21), (22), (23) and (24) into Eqs. (17) and (19) yields the equations of tangency for disk cam mechanisms with a flat-faced follower:
Let h be the input variable, the three nonlinear equations can be solved by numerical schemes, such as Newton-Raphson method, to obtain functions h*(h), y*(h) and u*(h). Then, the displacement error of the follower will be
where y(h) is the theoretical displacement function of the follower. Figure 5 shows the tangency of a disk cam with an offset translating oblique flat-faced follower, where, because of the radial dimensional error of the cam profile Dr, the variation of the follower offset De and the oblique angle error Dw, the instant contact point varies from point A to point A* with corresponding cam rotation angle h. (Here, the deviations Dr, De and Dw are exaggerated for clarity.) From Eqs. (21) and (22), the position vector R C at the cam surface and the unit normal vector n C to the contact point A* in terms of the cam rotation angle h can be expressed as
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where R R and n R calculated by Eqs. (12) and (13), respectively, are based on the parametric expression of R T given in Eq. (1). On the other hand, the position vector R F at the follower surface in terms of the cam rotation angle h can be expressed as
Here, points P* and E* are the actual follower reference point and offset reference point, respectively; L* is the actual linear displacement of the follower, and u*5P*A* is a varying distance. In Eq. (31), the deviations (tolerances) De and Dw are involved. The unit normal vector n F to the contact point A* is where point Q* is the actual instant center I 23 . From Eq. (31), it can be seen that L 1 :y 1 in this case. The distance u*5P*A* is the length parameter to determine the position vector of point A* at the follower profile. Substituting Eqs. (29), (30) , (31) and (32) into Eqs. (25) , (26) and (27) gives three simultaneous nonlinear equations in three unknowns h*, L* and u*. For each specified value of h, these three equations can be solved numerically, and the linear displacement error of the follower will be
3.3. Application to Disk Cam with an Oscillating Flat-Faced Follower Figure 6 shows the tangency of a disk cam with an oscillating flat-faced follower, where, (21) and (22), the position vector R C at the cam surface and the unit normal vector n C to the contact point A* in terms of the cam rotation angle h can be expressed as
where R R and n R calculated by Eqs. (12) and (13), respectively, are based on the parametric expression of R T given in Eq. (6). On the other hand, the position vector R F at the follower surface in terms of the cam rotation angle h can be expressed as Here, O 3 1 and E* are the actual follower pivot point and follower offset reference point, respectively; j* is the actual follower angular displacement, and u 1~O 3 1 E 1 is a varying distance. The unit normal vector n F to the contact point A* is
From Eqs. (36) and (37), it can be seen that j 1 :y 1 in this case. The distance u 1~O 3 1 E 1 is the length parameter to determine the position vector of point A* at the flat-faced follower profile. In Eq. (36), the deviations (tolerances) Df and De are involved. Substituting Eqs. (34), (35), (36) and (37) into Eqs. (25), (26) and (27) gives three simultaneous nonlinear equations in three unknowns h*, j* and u*. The three equations can be solved numerically and the angular displacement error of the follower will be
Numerical Computation Process
The detailed steps of implementing the computation process for the simulated contact analysis combining with Newton-Raphson method to solve the equations of tangency are described in this Sub-section. In reference to Fig. 7 , the steps of implementing the computation process for the tolerance analysis are described as follows.
Step 1. Read data of design parameters and their corresponding errors (or tolerances) of the cam mechanism and also the program control parameters Dh, e 1 and e 2 . For the translating follower case, the values of r b , e and w should be read, and for the oscillating follower case, those of r b , f and e should be read; the correspondingly specified error (or tolerance) amounts (Dr(h), De, Dw) or (Dr(h), Df, De) are also read. The parameter Dh is a specified increment of the cam rotation angle, and the parameters e 1 and e 2 are small specified and positive numbers. Then, let h 5 0u.
Step 2. Calculate the theoretical displacement of the follower y(h). In this step, the value of S(h) is specified or calculated first. Then, for the translating follower case, y(h) 5 L(h), whose value can be calculated by using Eq. (4). Also, for the oscillating follower case, y(h) 5 j(h), whose value can be calculated by using Eq. (10).
Step 3. Input estimated values of parameters h*, y* and u*, the three unknowns to be solved. For the translating follower case, the initial guesses are suggested by h*5h, y*5y(h)5L(h) and u 1~P A~L(h) sin wz(q{e) cos w. For the oscillating follower case, the initial guesses are suggested by h*5h, y*5y(h)5j(h) and u 1~O 3 E~(f zq) cos j(h).
Step 4. Calculate R T (h*) by using Eq. (1) for the translating follower case or by using Eq. (6) for the oscillating follower case. Also, calculate R' T (h 1 ) and Dr'(h 1 ) by using a numerical differentiation algorithm. Then, calculate R R (h*) and n R (h*) by using Eqs. (12) and (13), respectively.
Step 5. Let R C (h,h 1 )~R R (h 1 ) and n C (h,h 1 )~n R (h 1 ) as those shown in Eqs. (21) and (22), respectively. Then, for the translating follower case, calculate R F (h,y 1 ,u 1 ) and n F (h,y 1 ,u 1 ) by using Eqs. (31) and (32), respectively. Also, for the oscillating follower case, calculate R F (h,y 1 ,u 1 ) and n F (h,y 1 ,u 1 ) by using Eqs. (36) and (37), respectively.
Step 6. Substitute the values of R C (h,h 1 ), n C (h,h 1 ), R F (h,y 1 ,u 1 ) and n F (h,y 1 ,u 1 ) into Eqs. (25) , (26) and (27) . Then, let F be the vector of the calculated function values, that is, 
Check whether F k kƒe 1 or not. If so, go to Step 7, or else, go to Step 8. Step 7. Calculate the displacement error of the follower DS(h) by using Eq. (33) for the translating follower case or by using Eq. (38) for the oscillating follower case. Then, print DS(h) and update the cam rotation angle by h 5 h+Dh. Check whether h . 360u or not. If so, stop the computation process. Else, go to Step 2.
Step 8. Calculate the Jacobian matrix of vector F by
in which, employing a numerical differentiation algorithm for calculating the partial differential terms is suggested.
Step 9. Calculate the vector of updating values for the unknowns by 
and then go to Step 4. The above steps demonstrate the use of Newton-Raphson method to solve the equations of tangency, and also to determine functions h*(h), y*(h) and u*(h) numerically. After the actual follower displacement function y*(h) is determined, the follower displacement error function DS(h) can be correspondingly obtained. After the computation process being programmed, the follower motion deviations caused by different tolerance degrees can all be simulated.
VALIDITY OF THE METHOD
The validity of the presented method may be recognized through analyzing the cam mechanism shown in Fig. 8 , an eccentric circular cam with an offset translating oblique flatfaced follower. The cam mechanism has a circular cam profile and whose equivalent linkage is an invariant Scotch yoke mechanism. Thus, an exact solution of the follower motion error is available. A Cartesian coordinate system X-Y is fixed on the cam with the Y-axis passing through point K, the center of curvature of the circular cam. The linear displacement function of the reference point P can be expressed as L(h)~r e sin hzR cos wz(r e cos hzR sin w{e) tan w
where r e 5 O 2 K is the amount of eccentricity, R is the radius of the circular cam, w is the oblique angle of the follower, e is the offset, and h is the cam rotation angle. Also, from Eq. (2), Applying the sine law to DO 2 AQ yields
Assuming the profile error in the normal direction of the cam profile has a constant magnitude of Dn, the actual cam profile will also be a circular cam and have a radius of R+Dn. This derived radial profile error function is substituted into Eq. (12) for calculating the actual cam profile coordinates in order to undertake the tolerance analysis by applying the presented method. On the other hand, from equation (43), the exact solution of the follower motion error can be expressed as DS ex (h)~fr e sin hz(RzDn) cos wz½r e cos hz(RzDn) sin w{e tan wg {½r e sin hzR cos wz(r e cos hzR sin w{e) tan w Dn( cos wz sin w tan w)~Dn sec w
From the final result of Eq. (51), it is found that the exact follower motion error has a constant magnitude of Dn sec w in this case. For comparison of the presented method and the exact solution, a set of design parameters are given by r e 5 60 mm, R 5 100 mm, w 5 15u, and e 5 15 mm. The constant normal-direction error of the circular cam profile is specified as Dn 5 22 mm (a corresponding tolerance of IT6) or Dn 5 870 mm (a corresponding tolerance of IT14) for the computation. The computation process shown in Sub-section 3.4 is employed for determining function DS r (h) caused by Dr(h), in which, MATLAB is used for the programming, and the program control parameters are given by Dh 5 0.1u and e 1 5 e 2 5 1610
28 . Figure 9 shows the normalized radial profile error (Dr/Dn) with respect to the cam rotation angle h. For Dn 5 22 mm, the translating follower has an exact displacement error of DS ex (h)~22| sec 15 0~2 2:776076 mm, and the numerical difference between DS r (h) and DS ex (h) is shown in Fig. 10(a) . As can be seen, the difference (DS r -DS ex ) ranges between 28.72610 211 mm and 9.04610 211 mm and has a root-meansquare value of 2.58610 211 mm. Likewise, for Dn 5 870 mm, the translating follower has an exact displacement error of DS ex (h)~870| sec 15 0~9 00:690277 mm, and the numerical difference between DS r (h) and DS ex (h) is shown in Fig. 10(b) . It is found that the difference (DS r -DS ex ) ranges between 27.73610 211 mm and 8.61610 211 mm and has a root-meansquare value of 2.47610 211 mm. From the computing results, it is verified that the numerical differences between the presented method and the exact solutions can be almost ignored no matter how large the tolerance grade is.
In addition, to test the efficiency of the presented method, the CPU time for computing the follower motion errors was recorded and evaluated. The hardware environment of the computation was given as follows: a personal computer with the Intel Core 2 Duo E8400 processor whose core speed is 3.0 GHz. For the program control parameters being given by Dh 5 0.1u and e 1 5 e 2 5 1610
28
, the average CPU time for executing 100 times of the computation program was 13.76 seconds. That is, the displacement error calculation for each of the 3600 specified cam angles took merely 0.0038 second in average.
From the computing and testing results, it can be concluded that based on current computer technology, the presented computerized approach can provide excellent accuracy and sufficient efficiency from an engineering viewpoint.
CASES STUDY
The computerized approach presented above will be illustrated by applying it to the following two cases. Case 1: A cam system requires the offset translating oblique flat-faced follower to rise 22 mm with cycloidal motion [1, 2] while the cam rotates clockwise from 0u to 120u, dwell for the next 70u, return with cycloidal motion for 100u cam rotation and dwell for the remaining 70u. The offset, e, is 10 mm; the oblique angle, w, is 15u. The radius of the base circle, r b , is 40 mm.
The cam profile, which has a maximum radial dimension of 61.25 mm, is shown in Fig. 1 . For a tolerance grade of IT6, the cam profile may have a deviation of Dr 5 19 mm, the offset may have a deviation of De 5 9 mm, and the oblique angle may have a deviation of Dw~0:011 0~1 :92|10 {4 rad. The motion of the follower will then have deviations result from them, DS r caused by Dr, DS e caused by De, and DS w caused by Dw, respectively. The worst-case deviation of the follower motion will be [6] [7] [8] [15] [16] [17] 32 ]
The maximum expected deviation of the follower based on the root sum of squares approach will be [6] [7] [8] [15] [16] [17] 32, 33 ]
Assuming the cam mechanism is manufactured and assembled under a normal distribution condition, Eq. (53) can give a statistical tolerance of the follower output on the basis of three standard deviations. In other words, when the tolerance amounts of the parameters, ¡Dr, ¡De and ¡Dw, are allocated, the output deviations will fall inside the range of ¡DS rss with probability of 99.73% [6, 32] . The computation process shown in Sub-section 3.4 is employed for determining functions DS r (h), DS e (h) and DS w (h), in which, MATLAB is used for the programming, and the program control parameters are given by Dh 5 0.01u and e 1 5 e 2 5 1610
212
. The tolerance analysis results are shown in Fig. 11 , and their corresponding extreme values are also listed in Table 1 . Figure 11 (a) shows that even though the absolute extreme value of DS r (5 19.7 mm) is greater than that of DS w (5 4.7 mm), the variation of DS r is flatter than that of DS w . Also, it can be found that the magnitude of DS e (5 22.4 mm) is a constant and equals the calculating result of {De tan w. Thus, it indirectly verifies that the analytical correlation of DS e 5 {De tan w derived by Chang and Wu [16] is an exact correlation between De and DS e . In Fig. 11(b) , the maximum value of DS wor , occurring at h 5 71.49u, is 25.6 mm, and that of DS rss , occurring at h 5 103.88u, is 19.9 mm, From the viewpoint of the position accuracy of the follower motion, for a total follower travel of 22 mm, it may have a degraded accuracy of IT7 (21 mm) to IT8 (33 mm).
It is also important to consider the relative accuracy between the high and low dwell positions of the follower motion since the follower is designed to reciprocate between these two positions for some tasks. Chang and Wu [26] have introduced a conservative index to evaluate the relative accuracy, which is defined by dS rss~s ½(DS rss ) max {(DS rss ) min (54)
Equation (54) means the difference between the maximum and minimum values of DS rss multiplying a safety coefficient s. The coefficient s is suggested having a magnitude ranging between 1 and 2 for the analysis [26] . In the case of s 5 1, the value of dS rss is 1.6 mm, which means the relative deviation of the follower motion between its high and low dwell positions may be the worst close to 3.2 mm (twice of 1.6 mm) for a tolerance grade of IT6.
Figures 12(a) and 12(b), respectively, show the variations of (DS rss ) max and dS rss (for s 5 1) with respect to various cam profile error Dr ranging from 0 mm to 200 mm and various oblique angle error Dw ranging from 0u to 0.2u, in which, the increment of Dr is specified to be 20 mm .] In Figs. 12(a) and 13(a), the magnitudes of (DS rss ) max s are proportional to both Dr and Dw or to both Dr and De. When the tolerance amounts progressively increase, the magnitude of (DS rss ) max will also have a progressively increasing trend. However, the trend of dS rss dose not totally agree with that of (DS rss ) max . In Fig. 12(b) , the oblique angle error Dw mainly dominates the extent of dS rss . Obviously, when Dr and Dw are both increasing, the corresponding magnitude of dS rss is smaller than that of only Dw being increasing. In Fig. 13(b) , the cam profile error Dr mainly dominates the extent of dS rss , since function DS e (h) is a horizontal line and has less effect on the variation of dS rss . But, when Dr and De are both less than 50 mm, the magnitude of dS rss has a progressively decreasing trend. That is, the cam profile error, the oblique angle error and the offset deviation may have a compensating effect to enhance the relative accuracy of the follower motion. This situation provides a possibility to find the appropriate tolerance combination for balancing the kinematic accuracy and the tolerance amounts of the analyzed cam mechanism.
Case 2: A cam system requires the oscillating flat-faced follower to oscillate 15u clockwise with cycloidal motion [1, 2] while the cam rotates clockwise from 0u to 120u, dwell for the next 40u, return with cycloidal motion for 120u cam rotation and dwell for the remaining 80u. The distance between pivots, f, is 80 mm; the offset of the follower face, e, is 16 mm. The base circle radius, r b , is 40 mm.
The cam profile, which has a maximum radial dimension of 58.934 mm, is shown in Fig. 2 . For a tolerance grade of IT6, the cam profile and the distance between pivots may have the same deviation of Dr 5 Df 5 19 mm, and the offset may have a deviation of De 5 11 mm. Then, the motion of the follower will have deviations result from them, DS r caused by Dr, DS f caused by Df, and DS e caused by De, respectively. The worst-case deviation of the follower motion will be [6] [7] [8] [15] [16] [17] 32 ]
When the tolerance amounts of the parameters, ¡Dr, ¡Df and ¡De, are allocated, the follower output deviation will fall inside the range of ¡DS rss with probability of 99.73% [6, 32] . The computation process shown in Sub-section 3.4 is employed for determining functions DS r (h), DS f (h) and DS e (h), in which, MATLAB is used for the programming, and the program control parameters are given by Dh 5 0.01u and e 1 5 e 2 5 1610
212 . The tolerance analysis results are shown in Fig. 14 , and their corresponding extreme values are also listed in Table 1 . Figure 14(a) shows that the trend of DS r is quite similar to that of DS e , provided that their signs are ignored. Hence, the occurrence positions of extreme values of DS r (occurring at h 5 55.62u and h 5 207.4u) are close to those of DS e (occurring at h 5 55.76u and h 5 212.1u). As seen, although Dr 5 Df 5 19 mm, in any cam angle, the absolute value of DS f is always smaller than those of DS r and DS e . That is, Df is more non-sensitive than Dr and De to contribute to the follower motion deviation. In Fig. 14(b) , the maximum value of DS wor , occurring at h 5 203.54u, is 0.0382u, and that of DS rss , occurring at h 5 204.97u, is 0.0231u, From the viewpoint of the position accuracy of the follower motion, for a total follower travel of 15u, it may have a degraded accuracy of IT8 (0.033u) to IT9 (0.043u). For the oscillating flat-faced follower case, the value of dS rss , defined in Eq. (54), is 0.0103u (for s 5 1), which means the relative deviation of the follower motion between its high and low dwell positions may be the worst close to 0.0206u (twice of 0.0103u) for a tolerance grade of IT6.
Figures 15(a) and 15(b), respectively, show the variations of (DS rss ) max and dS rss (for s 5 1) with respect to various cam profile error Dr and center distance variation Df both ranging from 0 mm to 200 mm, in which, the increments of Dr and Df are both specified to be 20 mm. Also, the follower face offset is assumed to have an invariant deviation of De 5 27 mm for a tolerance grade of IT8. Likewise, Figs. 16(a) and 16(b) , respectively, show the variations of (DS rss ) max and dS rss (for s 5 1) with respect to various cam profile error Dr and follower face offset deviation De both ranging from 0 mm to 200 mm, in which, the increments of Dr and De are both specified to be 20 mm. Also, the center distance is assumed to have an invariant deviation of 16(b) have progressively increasing trends when the tolerances of the design parameters increase. In other words, for this oscillating flat-faced follower case, the cam profile error, the center distance variation and the follower face offset deviation do not have a compensating effect to enhance the relative accuracy of the follower motion.
CONCLUSIONS
For analyzing the tolerances in disk cam mechanisms with a flat-faced follower, a computerized approach by employing the concept of simulated higher-pair contact analysis has been demonstrated. Based on numerically determining the actual contact point between cam and flat-faced follower profiles at every instant, the kinematic deviation of the follower motion caused by the tolerance amount of each design parameter in a cam mechanism can be calculated and evaluated accurately. The method has been validated through analyzing an eccentric circular cam mechanism that has an exact solution of the follower motion error. According to the computing and testing results, it shows that the presented method can provide excellent accuracy and sufficient efficiency no matter how large the tolerance grade is. Then, both the offset translating oblique flat-faced follower and the oscillating flat-faced follower cases have been given to illustrate the presented method. The results show that, owing to the combined effects of various design parameters, the accuracy of the follower motion may degrade considerably. For the translating follower case, the tolerance amounts of the design parameters may also have a compensating effect to enhance the relative accuracy of the follower motion between its high and low dwell positions. Such a situation provides a possibility to find the appropriate tolerance combination for balancing the absolute and relative kinematic accuracy and also the tolerance amounts of this type of cam mechanisms. On the other hand, for the oscillating follower case, the tolerance amounts of the design parameters do not have a compensating effect to enhance the relative accuracy of the follower motion. Hence, it implies that a translating flat-faced follower is a potentially superior choice to an oscillating flat-faced follower for actuating poppet valves of engines and also for other precision applications. The presented method and the obtained results can be helpful for mechanical error analysis as well as for tolerance allocation tasks of disk cam mechanisms with a flat-faced follower. 23 instant centers J Jacobian matrix k unit vector of the Z-axis K center of curvature L theoretical displacement function of the translating follower 5 L(h) L* actual displacement function of the translating follower 5 L*(h) n C unit normal vector to the cam surface n F unit normal vector to the follower surface n R unit normal vector to the actual cam profile with Dr being specified n T unit normal vector to the theoretical cam profile O 2 fixed pivot of the cam O 3 theoretical fixed pivot of the oscillating follower O 3 1 actual fixed pivot of the oscillating follower P theoretical follower reference point P* actual follower reference point q distance from the cam center to the instant center I 23 Q theoretical location of the instant center I 23 Q* actual location of the instant center I 23
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